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ABSTRACT
Bosonic sector of d5 gauged supergravity with specific parametrization
of full scalar coset is considered (multi-dilaton gravity). Using holographic
RG in the form suggested by de Boer-Verlinde-Verlinde the holographic d4
conformal anomaly (in the sector of curvature invariants) is found when bulk
potential is not constant. Its comparison with the earlier calculation done in
the scheme where expansion of metric and dilaton over radial coordinate of
AdS space is used demonstrates scheme dependence of holographic conformal
anomaly. In AdS/CFT correspondence where dilatons play role of coupling
constants it coincides with multi-loop conformal anomaly which depends on
regularization scheme in interacting dual QFT. Hence, scheme dependence
of holographic conformal anomaly is consistent with dual QFT expectations.
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Motivated by AdS/CFT correspondence [1] there was recently much at-
tention paid to study of RG flows[2] (and refs. therein) from SG side. Such
investigation gives the possibility to use the solutions of multi-dimensional
(gauged) supergravity in order to describe RG flows in dual CFT living on
the boundary of correspondent AdS-like spacetime. In particulary, classical
AdS-like solutions of d5 gauged supergravity after the expansion over ra-
dial coordinate may be also used to get holographic conformal anomaly(CA)
[3, 4, 5, 6] for dual QFT. The calculation of holographic CA in such scheme
gives very useful check of AdS/CFT correspondence (especially, for maxi-
mally SUSY super Yang-Mills theory). Moreover, as dilaton(s) plays the role
of gauge coupling constant in AdS/CFT set-up it is expected that holographic
CA (with non-trivial dilaton dependence [4, 6, 7]) gives useful approximation
to exact QFT CA of dual theory. Usually, multi-loop quantum calculation
is almost impossible to do, the result is known only in couple first orders of
loop expansion, hence use of holographic CA is a challenge. CA for interact-
ing QFT may be expressed in terms of gravitational invariants multiplied to
multi-loop QFT beta-functions (see ref.[8] for recent discussion). One of the
features of multi-loop beta-functions for coupling constants is their explicit
scheme dependence (or regularization dependence) which normally occurs
beyond second loop. This indicates that making calculation of holographic
CA which corresponds to dual interacting QFT in different schemes leads
also to scheme dependence of such CA. Of course, this should happen in the
presence of non-trivial dilaton(s) and bulk potential.
Recently, in refs.[9] (see also [10]) there appeared formulation of holo-
graphic RG based on Hamilton-Jacobi approach. This formalism permits to
find the holographic CA without using the expansion of metric and dilaton
over radial coordinate in AdS-like space. The purpose of present Letter is
to calculate holographic CA for multi-dilaton gravity with non-trivial bulk
potential in BVV formalism [9]. Then, the coefficients of curvature invariants
as functions of bulk potential are obtained. The comparison of these coeffi-
cients (c-functions) with the ones found earlier[4, 6] in the scheme of ref.[3]
is done. It shows that coefficients coincide only when bulk potential is con-
stant, in other words, holographic CA including non-constant bulk potential
is scheme dependent.
We start from the 5-dimensional dilatonic gravity action which is given
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by
S =
1
2κ5
∫
d5x
√
g
[
R +
1
2
G(φ)(∇φ)2 + V (φ)
]
. (1)
and choose the 5-dimensional metric in the following form as used in [9, 7]
gmndx
mdxn = dρ2 + γσν(ρ, x)dx
σdxν (2)
Here ρ is the radial coordinate in AdS-like background. In the following
we only consider the case G(φ) = −1 in (1) for simplicity. As in [9, 7],
we adopt Hamilton-Jacobi theory. First, we shall cast the 5-dimensional
dilatonic gravity action into the canonical formalism
I =
1
2κ25
∫
M
d5x
√
g
{
R +
1
2
G(φ)(∇φ)2 + V (φ)
}
(3)
≡ 1
2κ25
∫
dρL
L =
∫
d4x
√
γ
[
piσν γ˙
σν − Πφ˙−H
]
(4)
where ˙ denotes the derivative with respect to ρ. The canonical momenta and
the Hamiltonian density are defined by
piσν ≡ 1√
γ
δL
δγ˙σν
, Π ≡ 1√
γ
δL
δφ˙
H ≡ 1
3
pi2 − piσνpiσν + Π
2
2G
−L, (5)
L ≡ R+ 1
2
Gγσν∂σφ∂νφ+ V.
Here R is Ricci scalar of the boundary metric γµν . The flow velocity of gµν
is given by
γ˙σν = 2piσν − 2
3
γσνpi
λ
λ. (6)
This canonical formulation constraints Hamiltonian as H = 0, which leads
to the equation
1
3
pi2 − piσνpiσν + Π
2
2G
= R+ 1
2
Gγσν∂σφ∂νφ+ V (7)
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Applying de Boer-Verlinde-Verlinde formalism, one can decompose the action
S[γ, φ] in a local and non-local part as follows
S[γ, φ] = SEH[γ, φ] + Γ[γ, φ]
SEH[γ, φ] =
∫
d4x
√
γ
[
Z(φ)R +
1
2
M(φ)γµν∂µφ∂νφ+ U(φ)
]
. (8)
Here SEH is tree level renormalized action and Γ contains the higher-
derivative and non-local terms. The canonical momenta are related to the
Hamilton-Jacobi functional S by
piσν =
1√
γ
δS
δγσν
, Π =
1√
γ
δS
δφ
(9)
The expectation value of stress tensor < Tσν > and that of the gauge invariant
operator < Oφ > which couples to φ can be related to Γ by
〈Tσν〉 = 2√
γ
δΓ
δγσν
, 〈Oφ〉 = 1√
γ
δΓ
δφ
. (10)
Then, one can get holographic trace anomaly in the following form
< T µµ >= β 〈Oφ〉 − cRµνRµν + dR2 (11)
where β is some beta function and coefficients c and d are c-functions. Ex-
plicit structure of β 〈Oφ〉 is given in [6]:
β 〈Oφ〉 = −2
[
h3R
ij∂iφ∂jφ+ h4Rg
ij∂iφ∂jφ+ h5
R√−g∂i(
√−ggij∂jφ)
+h6(g
ij∂iφ∂jφ)
2 + h7
(
1√−g∂i(
√−ggij∂jφ)
)2
+h8g
kl∂kφ∂lφ
1√−g∂i(
√−ggij∂jφ)
]
. (12)
Here h3 · · ·h8 are functions of dilaton φ: hi = hi(φ) (i = 3, 4, · · · , 8). To get
the explicit forms of c-functions, one substitutes the action (8) into (9)(10)
thus one can get the relation between potentials U and V by using Hamilton-
Jacobi equation (7). From the potential term, we get
U2
3
+
U ′2
2G
= V (13)
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and the curvature term R leads to
U
3
Z +
U ′
G
Z ′ = 1. (14)
where ′ denotes the derivative with respect to φ. Examining the terms of
〈Tσν〉, one can get the explicit form of c-functions as
c =
6Z2
U
, d =
2
U
(
Z2 +
3Z ′2
2G
)
. (15)
If we choose constant potential V (φ) = 12, by using (13) and (14), we find
U , Z become constant:
U = 6, Z =
1
2
(16)
Then, c-function c and d become
c =
1
4
, d =
1
12
. (17)
This exactly reproduces the correspondent coefficients of holographic confor-
mal anomaly obtained in ref.[3] in the scheme where expansion of d5 AdS
metric in terms of radial AdS coordinate has been adopted. Now we can
understand the coincidence of Weyl anomaly calculation between scheme of
ref.[3, 4, 12] and de Boer-Verlinde-Verlinde formalism when the scalar poten-
tial is constant [11].
At the next step we come to application of above holographic RG for-
malism in the calculation of conformal anomaly for d5 multi-dilaton gravity
with non-trivial bulk potential. Such a theory naturally appears as bosonic
sector of d5 gauged supergravity. We consider maximally SUSY gauged su-
pergravity, where scalars parameterize a submanifold of the full scalar coset
[13, 14]. As a result, the bulk potential cannot be chosen arbitrarily. Hence,
one limits to the case that includes N scalars and the coefficient G = −1.
The bosonic sector of the action in this case is
S =
1
16piG
∫
MD
dDx
√
−Gˆ
{
Rˆ−
N∑
α=1
1
2
(∇ˆφα)2 + V (φ1, · · · , φN)
}
. (18)
The maximally SUSY supergravity in D = 5 contains 42 scalars (the con-
struction of such d5 gauged supergravity is given in Ref. [15]). The maximal
5
supergravity parameterizes the coset E11−D/K, where En is the maximally
non-compact form of the exceptional group En, and K is its maximal com-
pact subgroup. The group SL(N,R), a subgroup of En, can be parameterized
with the coset SL(N,R)/SO(N), and we use the local SO(N) transforma-
tions in order to diagonalize the scalar potential V (φ) as in ref.[13]
V =
(D − 1)(D − 2)
N(N − 2)


(
N∑
i=1
Xi
)2
− 2
(
N∑
i=1
X2i
)
 . (19)
Especially for D = 5, we have
V =
1
2


(
6∑
i=1
Xi
)2
− 2
(
6∑
i=1
X2i
)
 (20)
Let us briefly describe the parameterization leading to the action of form
(18) given in Ref. [13]. In the above gauged supergravity case, in D = 5 one
should set N = 6. The N scalars Xi, which are constrained by
N∏
i=1
Xi = 1 , (21)
can be parameterized in terms of (N − 1) independent dilatonic scalars φα
as
Xi = e
− 1
2
bα
i
φα (22)
Here the quantities bαi are the weight vectors of the fundamental representa-
tion of SL(N,R), which satisfy
bαi b
α
j = 8δij −
8
N
,
∑
i
bαi = 0
bαi b
β
i = 4(N − 4)δαβ . (23)
Then, potential has a minimum at Xi = 1 (N > 5) at the point φα = 0,
where V = (D − 1)(D − 2).
To get c-functions c and d, one take U and Z as
U = A
6∑
i=1
e−
1
2
bα
i
φα = A
6∑
i=1
Xi
Z = B
6∑
i=1
e
1
2
bα
i
φα = B
6∑
i=1
X−1i (24)
6
where A and B can be determined by the analogues with G = −1 of the
conditions (13) and (14) [11],
U2
3
−∑
α
(
∂U
∂φα
)2
= V ,
U
3
Z −∑
α
∂U
∂φα
∂Z
∂φα
= 1. (25)
as follows
A = ±1, B = ± 1
12
. (26)
Then, using (17), c-functions are found
c =
6Z2
U
=
1
24
(
6∑
i
X−1i
)2 6∑
j
Xj


−1
(27)
d =
2
U

Z2 − 3
2
∑
α
(
∂Z
∂φα
)2
=
1
24

 6∑
j
Xj


−1
12
(
6∑
i
X−1i
)2
−
6∑
i
X−2i


Thus, the coefficients of gravitational terms in holographic conformal
anomaly (corresponding to dual CFT) from multi-dilaton five-dimensional
gravity are found. The holographic RG formalism is used in such calcula-
tion. In [7], the c-functions c and d have been found for version of dilaton
gravity dual to non-commutative Yang-MIlls (NCYM) theory. The gravity
theory contains only one dilaton field φ. The action can be obtained by
putting
G(φ) = − 20
3φ2
, V (φ) =
1
φ
8
3
(
20− 8
φ4
)
. (28)
Then using (13), (14) and (17), one finds
c =
φ2(φ2 + 2)2
12(5φ2 − 2) , d =
φ2(φ4 + 8φ2 + 6)
60(5φ2 − 2) . (29)
This coincides with result of ref.[7] and gives useful check of our calculation.
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Let us turn now to results of calculation of holographic conformal anomaly
done in refs.[4, 6] where another scheme [3] was used. In such scheme five-
dimensional metric and scalars are expanded in terms of radial fifth coordi-
nate (for more detail, see [6]). Note that as in above evaluation the dilaton
and bulk potential are considered to be non-trivial and non-constant.
The functions 2h1 and −2h2 in notations of ref.[6] correspond to c-
functions d and c in (27), respectively, and they are given by,
h1 =
3(62208 + 22464V + 2196V2 + 72V3 + V4)l3
16(6 + V)2(18 + V)2(24 + V) (30)
h2 = −3(288 + 72V + V
2)l3
8(6 + V)2(24 + V) (31)
where
V ≡ V (φ)− V (0) = V (φ)− 12. (32)
Since the expressions of c, d seem to be very different from 2h1, −2h2
which are obtained with help of expansion of metric and bulk potential on
radial coordinate, we now investigate if they are really different by expanding
Xi on φ (up to second order on φ
2)
Xi = 1− 1
2
bαi φα +
1
8
(bαi φα)
2
6∑
i
Xi = 6− 1
2
6∑
i
bαi φα +
1
8
6∑
i
(bαi φα)
2
(
6∑
i
Xi)
2 = 36− 6
6∑
i
bαi φα +
3
2
6∑
i
(bαi φα)
2 +
1
4
(
6∑
i
bαi φα)
2
6∑
i
X2i = 6−
6∑
i
bαi φα +
1
2
6∑
i
(bαi φα)
2
X−1i = 1 +
1
2
bαi φα −
1
8
(bαi φα)
2
6∑
i
X−1i = 6 +
1
2
6∑
i
bαi φα −
1
8
6∑
i
(bαi φα)
2
(
6∑
i
X−1i )
2 = 36 + 6
6∑
i
bαi φα −
3
2
6∑
i
(bαi φα)
2 +
1
4
(
6∑
i
bαi φα)
2 (33)
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Using (22) and (23), one finds c-functions c and d in (27) are given by
c =
1
4
− 1
64
6∑
i
(bαi φα)
2 (34)
d =
1
12
− 1
144
6∑
i
(bαi φα)
2 (35)
h1 and h2 in (30) are given by
h1 =
1
2
(
1
12
− 1
384
6∑
i
(bαi φα)
2
)
(36)
−h2 = 1
2
(
1
4
− 1
128
6∑
i
(bαi φα)
2
)
. (37)
Then 2h1 and −2h2 do not coincide with d and c, except the leading con-
stant part. One finds the formalism by de Boer-Verlinde-Verlinde [9] does
not reproduce the result based on the scheme of ref.[3]. Technically, this
disagreement might occur since we expand dilatonic potential in the power
series on ρ and this is the reason of ambiguity and scheme dependence of
holographic conformal anomaly.
This result means that holographic CA (with non-trivial bulk potential
and non-constant dilaton) is scheme dependent. AdS/CFT correspondence
says that such holographic CA should correspond to (multi-loop) QFT CA
(dilatons play the role of coupling constants). However, QFT multi-loop CA
depends on regularization (as beta-functions are also scheme dependent).
Hence, scheme dependence of holographic CA is consistent with QFT expec-
tations. That also means that two different formalisms we discussed in this
Letter actually should correspond to different regularizations of dual QFT.
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Appendix
In this Appendix, in order to show that scheme dependence takes place
in other dimensions we consider calculation of 2d holographic conformal
anomaly from 3d dilatonic gravity with arbitrary bulk potential. Using
Hamilton-Jacobi formalism similarly to 5-dimensional gravity, we cast 3d
ADM Hamiltonian density as (instead of (5))
H ≡ pi2 − piσνpiσν + Π
2
2G
− L . (38)
Hamiltonian constraint: H = 0, leads to the following equation similar to (7)
pi2 − piσνpiσν + Π
2
2G
= R+ 1
2
Gγσν∂σφ∂νφ+ V (39)
We assume the form of 2-dimensional Weyl anomaly as
< T µµ >= β 〈Oφ〉+ cR , (40)
where Rµν =
1
2
gµνR. To solve the Hamilton-Jacobi equation (39), one uses
the same procedure as in 4d. Substituting Hamilton momenta (9), (10) into
(39), we obtain the relation between U and V from the potential term
U2
2
+
U ′2
2G
= V, (41)
and the curvature term R leads to the central charge c
c = − 2
U
(
1− Z
′U ′
G
)
. (42)
We also obtain the following equation from R2 term:
c2
4
+
Z ′2
G
= 0 . (43)
By deleting Z ′ from (42) by using (43), we find the following expressin for
the c-function c
c = − 2
U ± U ′√−G
. (44)
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Especially if we choose constant potential V (φ) = 2 and G = −1, we find U
and c from eqs.(41) and (44),
U = ±2, c = ∓1 . (45)
Taking c = 1, this holographic RG result (at constant bulk potential) exactly
agrees with the one of previous work [6] (where expansion around of AdS
space was used).
Next we consider 3-dimensional bulk potential as
V =
2
cosh2 φ
, (46)
with G = −1. Then by using (41) and (44), we obtain
U = − 2
cosh φ
, c = e±φ cosh2 φ . (47)
In [6] which is based on expansion method we got c-function as
cNOO =
(V(φ)
2
+ 2
)
(V(φ) + 2)−1 (48)
V(φ) = V (φ)− 2.
Substituting the potential (46) into (48), we obtained c-function as follows:
cNOO =
1 + cosh2 φ
2
. (49)
This c-function (49) does not coincide with (47) like in 4d case (apart from
the leading, constant part). In (30) for 4d case and (48) for 2d case, the
terms containing the derivatives of the potential V with respect to the scalar
field φ were neglected [6]. As one might doubt that this might be the origin
of the above disagreement, we investigate 2d case explicitly. If we include
the neglected terms, cNOO in (48) is modified as follows
c˜NOO = 1 +
2V ′(φ)
V ′′(φ)(V(φ)+2)−(V ′(φ))2 − V(φ)
2 (V(φ) + 2) . (50)
By substituting the potential (46) into (50), we obtained modified c-function
c˜NOO as follows:
c˜NOO =
1 + cosh2 φ
2
+
1
4
sinhφ cosh5 φ . (51)
This c-function (51) does not coincide with (47) again.
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